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1Monoid presentations
Let $A$ be an alphabet and $A^{*}$ the free monoid generated by $A$ . The empty word is denoted by 1. A
(monoid) presentation is an ordered pair $(A, R)$ where $R\subseteq A^{*}\cross A^{*}$ . Amonoid $M$ is defined by $(4, R)$
if $M\cong A^{*}/=R$ where $=R$ is the congruence on $A^{*}$ generated by $R$ . In this situation, we say that $M$
is generated by $A$ , $A$ is agenerating set of $M$ , and $R$ is aset of defining relations of $M$ . If amonoid
$M$ is generated by an alphabet $A$ , then there is a natural surjection $f$ : $A^{*}arrow M$ . For any $w\in A^{*}$ ,
the image of $w$ under $f$ is denoted by $[w]$ .
If amonoid $M$ has apresentation $(A, R)$ such that both $A$ and $R$ are finite, then we say that $M$
is finitely presented.
Let $M$ be amonoid with afinite presentation $(A, R)$ . The word problem for $M$ is to decide, given
$u$ , $v\in A^{*}$ , whether $u=Rv$ .
2Automatic monoids
In this section, we give definitions and results for automatic monoids and groups. For more informa-
tion, we refer to $[2, 3]$ .
Let $M$ be amonoid with afinite generating set $A$ and let $\pi$ : $A^{*}arrow M$ be the natural surjection. If
there is aregular subset $L$ of $A^{*}$ such that the restriction $\pi|_{L}$ : $Larrow M$ is surjective, then the ordered
pair $(A, L)$ is called arational structure for $M$ .
Let $M$ be amonoid with arational structure $(A, L)$ and $anew symbol such that $\not\in A. Set
$A(2,$ =(A\cup {$}) $\cross$ (A\cup {$}) –($, $). Define amapping $\nu$ : $A^{*}\cross A^{*}arrow A(2,$ by $\nu(1,1)=1$ and
for $u=a_{1}a_{2}\cdots a_{m}$ and $v=b_{1}b_{2}\cdots$ $b_{n}$ ,
$\nu(u, v)=\{$
$(a_{1}, b_{1})(a_{2}, b_{2})\cdots(a_{m}, b_{m})(\, b_{m+1})\cdots$ $($$, $b_{n})$ if $m<n$
$(a_{1}, b_{1})(a_{2}, b_{2})\cdots(a_{m},b_{m})$ if $m=n$
$(a_{1}, b_{1})(a_{2}, b_{2})\cdots(a_{n}, b_{n})(a_{n+1}$ , $ $)$ $\cdots(a_{m}$ , $ $)$ . if $m>n$
Set $L_{=}=$ { $\nu$( $u$ , $v$) $|u$ , $v\in L$ such that $[u]=[v]$ in At} and, for $a\in A$ , $L_{a}=\{\nu(u,v)|u$ , $v\in$
$L$ such that $[ua]=[v]$ in $M$ }.
Amonoid $M$ is called automatic if there is arational structure $(A, L)$ such that $L_{=}$ and $L_{a}$ for
all $a\in A$ are regular subsets of $A$ (2, $). In this situation, the rational structure $(A, L)$ is called an
autornatic structure for $M$ .
Result 2.1 (see [2, 3]) Let $M$ be an automatic monoid. Then the word problem for $M$ is solvable in
quadratic time. Moreover if $M$ is a grouP, then $M$ is finitely presented.
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Let M be amonoid with arational structure (A, L). For any w $\in A^{*}$ and non-negative integer t,
define aword $w(t)\in A^{*}$ by
$w(t)=\{$
the prefix of $w$ of length $t$ if $t\leq|w|$ ,
$w$ otherwise.
For any $u,v\in A^{*}$ , let $d(u, v)= \min${ $|w||w\in A^{*}$ such that $[uw]$ $=[v]$ in $M$}. We say that $(A, L)$
satisfies the fellow traveler property if there is aconstant $k$ such that $d(u(t), v(t))<k$ for all $t\geq 0$
whenever $u$ , $v\in L$ and $[ua]$ $=[v]$ in $M$ for some $a\in A\cup\{1\}$ .
Result 2.2 (see [3]) For a group $G$ with a rational structure $(A,L)$ , $(A, L)$ is an automatic structure
for $G\dot{l}f$ and only if $(A, L)$ satisfies the fellow traveler property.
Let $M$ be amonoid with arational structure $(A, L)$ . $(A, L)$ satisfies the strong fellow traveler
property if there is aconstant $k$ such that, for any $u=\mathrm{a}11\cdots$ $a_{m}$ , $v=b_{1}b_{2}\cdots b_{n}\in L$ satisfying
$[ua]=[v]$ for some $a\in A\cup\{1\}$ , there are $w_{1}$ , $w_{2}$ , $\ldots$ , $w\ell\in A^{*}$ such that $|w:|<k$ for all :, and
$[a_{1}w_{1}]=[b_{1}]$ , $[a_{2}w_{2}]=[w_{1}b_{2}]$ , $\ldots$ , $[a\ell w\ell]=[w_{\ell-1}b\ell]$ where $\ell=\max\{m, n\}$ .
Theorem 2.3 For a monoid $M$ with a rational structure $(A,L),\dot{l}f(A,L)$ satisfies the strong fellow
traveler property, then $M$ is automatic and finitely presented.
3Finite complete presentations
In this section, we one result about monoids with finite complete presentations. For more information
on such monoids, we refer to [1].
Let $(A, R)$ be apresentation of amonoid $M$ . We write $uarrow v$ if $(u,v)\in R$. The relation $arrow R$ on
$A^{*}$ is defined as follows: for $x$ , $y\in A^{*}$ , $xarrow Ry$ if $x=x_{1}ux_{2}$ and $y=x_{1}vx_{2}$ for some $x_{1}$ , $x_{2}\in A^{*}$ and
$uarrow v\in R$ . The reflexive transitive closure of $arrow R$ is denote by $arrow_{R}^{*}$ . $R$ is noetherian if there is no
infinite sequence $x_{1}\prec_{R}x_{2}arrow R\ldots\prec_{R}x_{n}arrow R\cdots$ . $R$ is confluent if, for any $x$ , $y$ , $z\in A^{*}$ such that
$z\prec_{R}^{\mathrm{r}}x$ and $z\prec_{R}^{\mathrm{r}}y$, there is $w\in A^{*}$ such that $x$ $\prec_{R}^{\mathrm{r}}w$ and $y\prec_{R}^{\iota}w$ . Moreover $R$ is complete if
$R$ is both noetherian and confluent. We set Left(7?) $=$ {$u\in A^{*}|uarrow v\in R$ for some $v\in A^{*}$ } and
Irr(R) $=A^{*}-A^{*}$ . Leh(R) $\cdot A^{*}$ .
Result 3.1 (see [1]) Let M be a monoid $urid\iota$ a finite complete presentation (A, R). Then, the word
problem for M is solvable and (A,Irr(7?)) is a rational structure for M.
4Braid groups and its word problem
In this section, we consider braid groups. For more information on braid groups and its word problem,
we refer to [3, 4, 5].
Abraid on $\mathrm{n}$ strings is defined as asystem of $\mathrm{n}$ strings in $\mathrm{R}^{2}\mathrm{x}[0,1]$ $\subset \mathrm{R}^{3}$ . It consists of disjoint
intertwining $\mathrm{n}$ strings which join $\mathrm{n}$ fixed points in the upper plane $\mathrm{R}^{2}\mathrm{x}\{0\}$ and $\mathrm{n}$ fixed points in the
lower plane $\mathrm{R}^{2}\mathrm{x}\{1\}$ , and intersecting each intermediate plane $\mathrm{R}^{2}\mathrm{x}\{t\}$ in exactly $\mathrm{n}$ points. Astring
attached to the upper plane at the $i$-th position is called the $i$-th string.
By $B_{n}$ , we denote the set of isotopy classes of braids on $n$ strings. We identify abraid with its
isotopy class, and we call an element in $B_{n}$ simply abraid. $B_{n}$ has agroup structure as follows. The
product of two braids $\beta_{1}$ and &, denoted by juxtaposition $\beta_{1}\$ , is defined as follows. First attach
Aunder $\beta_{1}$ identifying the upper plane of Aand the lower plane of $\beta_{1}$ , and then remove the center
plane. The trivial braid is the braid in which all strings go straight from the upper plane to the lower
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plane. And the inverse of abraid is defined as the mirror image of it with respect to the vertical
direction.
Result 4.1 (see [3, 5]) $B_{n}$ has a finite complete presentation and is automatic. Hence, the word
problem for $B_{n}$ is solvable.
5Braid inverse monoids
Apartial braid on $\mathrm{n}$ strings is defined as asubsystem of abraid on $\mathrm{n}$ strings, that is, it consists of
disjoint intertwining $\mathrm{m}$ strings $(0\leq m\leq n)$ which join $\mathrm{m}$ points of the $\mathrm{n}$ fixed points in the upper
plane $\mathrm{R}^{2}\cross\{0\}$ and $\mathrm{m}$ points of the $\mathrm{n}$ fixed points in the lower plane $\mathrm{R}^{2}\cross\{1\}$ , and intersecting each
intermediate plane $\mathbb{R}^{2}\cross\{t\}$ in exactly $\mathrm{m}$ points. Accordingly, apartial braid on $\mathrm{n}$ strings can be
obtained from abraid on $\mathrm{n}$ strings by removing some (possibly all or no) strings. For example, in
Fig.1, the right-hand side is apartial braid that is obtained from the braid at the left-hand side by
removing the fourth string. By BIn, we denote the set of isotopy classes of partial braids.
Fig.l (a braid and apartial braid on 4strings)
We define the product of two partial braids $\beta_{1}$ and #2, denoted by juxtaposition $\beta_{1}\beta_{2}$ , as follows.
First attach $\beta_{2}$ under $\beta_{1}$ identifying the upper plane of $\beta_{2}$ and the lower plane of $\beta_{1}$ . Then remove
every string in $\beta_{1}$ (resp. 42) that has no corresponding string in $\beta_{2}$ (resp. $\beta_{1}$ ). Lastly remove the
center plane. For example, in Fig.2, we remove the second string in $\beta_{1}$ , because it has no corresponding
string in $\beta_{2}$ . We also remove the fourth string in $\beta_{2}$ for the same reason.
Fig.2 (the product of two partial braids $\beta_{1}$ and 42 on 4strings)
Then BIn is amonoid with this operation and contains $B_{n}$ as asubgroup.
Result 5.1 (see [6]) BIn is finitely presented.
6The word problem for $BI_{3}$
In this section, we give afinite complete presentation and an automatic structure for $BI_{3}$ using a
finite complete presentation and an automatic structure for $B_{3}$ .
Let $x$ , $y$ , $[xy]$ , $[yx]$ , $\delta$ and $\delta^{-1}$ be braids as in Fig.3. Let
$A’$ $=$ $\{x, y, [xy], [yx], \delta, \delta^{-1}\}$ and
$R’$ $=$ $\{xyarrow[xy]$ , $x[yx]arrow\delta$, $yxarrow[yx]$ , $y[xy]arrow\delta$, $[xy]x$ $arrow\delta$, $[xy][xy]arrow x\delta$, $[yx]yarrow\delta$,
$[yx][yx]arrow y\delta,$ &\rightarrow y\mbox{\boldmath $\delta$}, $\delta yarrow x\delta$, $\delta[xy]arrow[yx]\delta$ , $\delta[yx]arrow[xy]\delta$ , $\delta^{-1}xarrow y\delta^{-1}$ ,
$\delta^{-1}yarrow x\delta^{-1}$ , $\delta^{-1}[xy]$ $arrow[yx]\delta^{-1}$ , $\delta^{-1}[yx]arrow[xy]\delta^{-1}$ , $\delta\delta^{-1}arrow 1$ , $\delta^{-1}\deltaarrow 1\}$ .
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Fig.3
Result 6.1 (see [3, 5]) $(A’,R’)$ is a finite complete presentation $ofB_{3}$ and ($A’$ ,Irr(R$’$ )) is an automatic
structure for $B_{3}$ .
Let $a$ , $b$, $c$, $d$, $a^{-1}$ , $b^{-1}$ , $c^{-1}$ , $d^{-1}$ and 0be partial braids as in Fig.4. Let
$A=A’\cup\{a, b, c, d, a^{-1}, b^{-1}, c^{-1}, d^{-1}, z, z^{-1},0\}$
and
$R=R’\cup\{xzarrow z^{2}$ , $xz^{-1}arrow zz^{-1}$ , $xaarrow a^{-1}a$, $xbarrow b$, $xcarrow d$, $xdarrow c$, $xa^{-1}arrow aa^{-1}$ , $xb^{-1}arrow ab^{-1}$ ,
$xc^{-1}arrow zc^{-1}$ , $xd^{-1}arrow zd^{-1}$ , $yzarrow cz$ , $yz^{-1}arrow cz^{-1}$ , $yaarrow b$, $ybarrow a$, $ycarrow zz^{-1}$ , $ydarrow dz$ ,
$ya^{-1}arrow a^{-1}$ , $yb^{-1}arrow b^{-1}$ , $yc^{-1}arrow cc^{-1}$ , $yd^{-1}arrow cd^{-1}$ , $[xy]z$ $arrow dz$ , $[xy]z^{-1}arrow dz^{-1}$ , $[xy]a$ $arrow b$,
$[xy]b$ $arrow a^{-1}a$ , $[xy]c$ $arrow z$ , $[xy]darrow cz$ , $[xy]a^{-1}arrow aa^{-1}$ , $[xy]b^{-1}arrow ab^{-1}$ , $[xy]c^{-1}arrow dc^{-1}$ , $[xy]d^{-1}arrow$
dd-1, $[yx]z$ $arrow cz^{2}$ , $[yx]z^{-1}arrow c$, $[yx]a$ $arrow a^{-1}a$ , $[yx]b$ $arrow a$ , $[yx]carrow dz$, $[yx]d$ $arrow zz^{-1}$ , $[yx]a^{-1}arrow k^{-1}$ ,
$[yx]b^{-1}arrow h^{-1}$ , $[yx]c^{-1}arrow czc^{-1}$ , $[yx]d^{-1}arrow czd^{-1}$ , $\delta zarrow dz^{2}$ , $\delta z^{-1}arrow d$ , $\delta aarrow a$, $\delta barrow a^{-1}a$ ,
$\delta carrow cz$ , $\delta darrow z$, $\delta a^{-1}arrow ba^{-1}$ , $\delta b^{-1}arrow \mathcal{N}^{-1}$ , $\delta c^{-1}arrow dzc^{-1}$ , $\delta d^{-1}arrow dzd^{-1}$ , $\delta^{-1}zarrow d$ , $\delta^{-1}z^{-1}arrow$
$dz^{-2}$ , $\delta^{-1}aarrow a$, $\delta^{-1}barrow a^{-1}a$, $\delta^{-1}carrow cz^{-1}$ , $\delta^{-1}darrow z^{-1}$ , $\delta^{-1}a^{-1}arrow h^{-1}$ , $\delta^{-1}b^{-1}arrow \mathrm{N}^{-1}$ ,
$\delta^{-1}c^{-1}arrow dz^{-1}c^{-1}$ , $\delta^{-1}d^{-1}arrow dz^{-1}d^{-1}$ , $zxarrow z^{2}$ , $zyarrow zc^{-1}$ , $z[xy]$ $arrow z^{2}c^{-1}$ , $z[yx]arrow zd^{-1}$ ,
$z\deltaarrow z^{2}d^{-1}$ , $z\delta^{-1}arrow d^{-1}$ , $zaarrow a^{-1}a$ , $zbarrow 0$, $zcarrow a$, $zdarrow a^{-1}a$, $za^{-1}arrow aa^{-1}$ , $zb^{-1}arrow ab^{-1}$ ,
$z^{-1}xarrow zz^{-1}$ , $z^{-1}yarrow z^{-1}c^{-1}$ , $z^{-1}[xy]$ $arrow c^{-1}$ , $z^{-1}[yx]$ $arrow z^{-1}d^{-1}$ , $z^{-1}\deltaarrow d^{-1}$ , $z^{-1}\delta^{-1}arrow z^{-2}d^{-1}$ ,
$z^{-1}zarrow zz^{-1}$ , $z^{-1}aarrow a^{-1}a$ , $z^{-1}barrow 0$ , $z^{-1}carrow a$, $z^{-1}darrow a^{-1}a$, $z^{-1}a^{-1}arrow aa^{-1}$ , $z^{-1}b^{-1}arrow$
$ab^{-1}$ , $axarrow aa^{-1}$ , $ayarrow a$, $a[xy]arrow ab$$-1$ , $a[yx]arrow aa^{-1}$ , $a\deltaarrow ab^{-1}$ , $a\delta^{-1}arrow ab^{-1}$ , $azarrow aa^{-1}$ ,
$az^{-1}arrow aa^{-1}$ , $a^{2}arrow 0$, $abarrow 0$, $acarrow a$, $adarrow \mathrm{O}$ , $ac^{-1}arrow a$, $ad^{-1}arrow aa^{-1}$ , $bxarrow k^{-1}$ , $byarrow b$,
$b[xy]$ $arrow k^{-1}$ , $b[yx]$ $arrow k^{-1}$ , $u$ $arrow u^{-1}$ , $\mathrm{W}^{-1}arrow u^{-1}$ , $bzarrow h^{-1}$ , $bz^{-1}arrow b^{-1}$ , &\rightarrow 0, $b^{2}arrow 0$ ,
$bcarrow b$, $bdarrow 0$ , $bc^{-1}arrow b$ , $bd^{-1}arrow b^{-1}$ , cx $arrow cz$ , $cyarrow cc^{-1}$ , $c[xy]$ $arrow czc^{-1}$ , $c[yx]arrow \mathrm{c}\mathrm{d}$$-1$ ,
$c\deltaarrow czd^{-1}$ , $c\delta^{-1}arrow cz^{-1}d^{-1}$ , $caarrow b$, $cbarrow 0$, $c^{2}arrow a^{-1}a$, cci $arrow b$, $ca^{-1}arrow a^{-1}$ , $cb^{-1}arrow b^{-1}$ ,
$dxarrow dz$ , $dyarrow dc^{-1}$ , $d[xy]$ $arrow dzc^{-1}$ , $d[yx]arrow \mathrm{d}\mathrm{d}$$-1$ , dlt $arrow dzd^{-1}$ , dlt$-1arrow dz^{-1}d^{-1}$ , $daarrow b$,
$dbarrow 0$, $dcarrow a$, $d^{2}arrow b$, $da^{-1}arrow aa^{-1}$ , $db^{-1}arrow ab^{-1}$ , $a^{-1}xarrow a^{-1}a$ , $a^{-1}yarrow b^{-1}$ , $a^{-1}[xy]arrow a^{-1}a$ ,
$a^{-1}[yx]arrow b^{-1}$ , $a^{-1}\deltaarrow a^{-1}$ , $a^{-1}\delta^{-1}arrow a^{-1}$ , $a^{-1}zarrow a^{-1}a$ , $a^{-1}z^{-1}arrow a^{-1}a$ , $a^{-1}barrow 0$ , $a^{-1}carrow 0$ ,
$a^{-1}darrow a^{-1}a$, $a^{-2}arrow 0$ , $a^{-1}b^{-1}arrow 0$ , $a^{-1}c^{-1}arrow b^{-1}$ , $a^{-1}d^{-1}arrow b^{-1}$ , $b^{-1}xarrow b^{-1}$ , $b^{-1}yarrow a^{-1}$ ,
$b^{-1}[xy]arrow a^{-1}$ , $b^{-1}[yx]$ $arrow a^{-1}a$ , $b^{-1}\deltaarrow a^{-1}a$ , $b^{-1}\delta^{-1}arrow a^{-1}a$ , $b^{-1}zarrow 0$ , $b^{-1}z^{-1}arrow 0$ , $b^{-1}aarrow 0$,
$b^{-1}barrow a^{-1}a$ , $b^{-1}carrow a^{-1}$ , $b^{-1}darrow a^{-1}$ , $b^{-1}a^{-1}arrow 0$, $b^{-2}arrow 0$ , $b^{-1}c^{-1}arrow 0$, $b^{-1}d^{-1}arrow 0$, $c^{-1}xarrow$
$d^{-1}$ , $c^{-1}yarrow zz^{-1}$ , $c^{-1}[xy]$ $arrow zd^{-1}$ , $c^{-1}[yx]arrow z$ , $c^{-1}\deltaarrow zc^{-1}$ , $c^{-1}\delta^{-1}arrow z^{-1}c^{-1}$ , $c^{-1}zarrow a^{-1}$ ,
$c^{-1}z^{-1}arrow a^{-1}$ , $c^{-1}aarrow 0$ , $c^{-1}barrow a$, $c^{-1}carrow zz^{-1}$ , $c^{-1}darrow aa^{-1}$ , $c^{-1}a^{-1}arrow a^{-1}$ , $c^{-1}b^{-1}arrow b^{-1}$ ,
$c^{-2}arrow a^{-1}a$ , $c^{-1}d^{-1}arrow a^{-1}$ , $d^{-1}xarrow c^{-1}$ , $d^{-1}yarrow zd^{-1}$ , $d^{-1}[xy]arrow zz^{-1}$ , $d^{-1}[yx]$ $arrow zc^{-1}$ , $d^{-1}\deltaarrow z$ ,
$d^{-1}\delta^{-1}arrow z^{-1}$ , $d^{-1}zarrow a^{-1}a$ , $d^{-1}z^{-1}arrow a^{-1}a$, $d^{-1}aarrow a^{-1}a$, $d^{-1}barrow a$ , $d^{-1}carrow aa^{-1}$ , $d^{-1}darrow zz^{-1}$ ,
$d^{-1}a^{-1}arrow 0$, $d^{-1}b^{-1}arrow 0$, $d^{-1}c^{-1}arrow b^{-1}$ , $d^{-2}arrow b^{-1}$ , $aa^{-1}aarrow a$, $a^{-1}aa^{-1}arrow a^{-1}$ , $ba^{-1}aarrow b$ ,
$a^{-1}ab^{-1}arrow b^{-1}$ , $czz^{-1}arrow c$ , $zz^{-1}c^{-1}arrow c^{-1}$ , $dzz^{-1}arrow d$ , $zz^{-1}d^{-1}arrow d^{-1}$ , $z^{2}z^{-1}arrow z$ , $zz^{-2}arrow z^{-1}\}\cup$




Theorem 6.2 $(A, R)$ is a finite complete presentation of $BI_{3}$ .
By the previous theorem and Result 3.1, $(A, \mathrm{I}\mathrm{r}\mathrm{r}(R))$ is arational structure for $BI_{3}$ . Moreover we
have
Theorem 6.3 (A,Irr(J?)) satisfies the strong fellow traveler property. Thus by Theorem 2.3, it is an
aeetomatic structure for $BI_{3}$ .
Hence, we have
Corollary 6.4 The word problem for $BI_{3}$ is solvable.
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